Abstract. In this paper, we use the normalized Ricci-DeTurk flow to prove a stability result for strictly stable conformally compact Einstein manifolds. As an application, we show a local volume comparison of conformally compact manifolds with scalar curvature R ≥ −n (n − 1) and also the rigidity result when certain renormalized volume is zero.
Introduction
Volume is one of the natural geometric quantities which is often used to explore geometrical and topological properties of a Riemannian manifold. Classical examples in this direction are various volume comparison theorems which turned out to be fruitful in Riemannian geometry. In order to use those volume comparison theorems efficiently, we have to assume certain lower bound on the Ricci curvature of the manifold. Obviously, we can not expect the same results still to be true if we only assume lower bound on scalar curvature. However, in [19] , R.Schoen proposed the following conjecture on the volume functional vol(·) on a closed hyperbolic manifold.
This conjecture remained widely open until its 3-dimensional case followed as a corollary of Perelman's work on geometrization ( [16, 17] ). Later, Agol, Storm and Thurston established similar results on compact hyperbolic 3-manifolds whose boundary are minimal surfaces ( [1] ). In [15] , Miao and Tam found that the above conjecture on closed manifolds does not generalize directly to manifolds with boundary if only the Dirichlet boundary condition is imposed. Precisely, they gave a negative answer on the geodesic balls in 3-dimensional hyperbolic space by using the variation of the volume with scalar curvature constraints. It is natural to ask if there exists a similar conjecture or result on noncompact manifolds with hyperbolic metric, more generally, a kind of conformally compact manifold. However, what needs to be generalized first is the concept of an appropriate "volume". Recently, inspired by Bray's thesis [4] , Brendle and Chodosh addressed a notion of renormalized volume for some asymptotically Anti-deSitter-Schwarzschild manifolds in [5] and established an interesting volume comparison result with a lower bound on the scalar curvature. Their result only works for 3-dimensional asymptotically Anti-deSitter-Schwarzschild manifolds because they need to use Geroch monotonicity formula for the Hawking mass along the IMCF where the issue of Gauss-Bonnet formula played an important role. With these results in mind, it may be natural to ask whether or not a version of Schoen's Conjecture in terms of this renormalized volume introduced in [5] is true for arbitrary dimensional conformally compact manifolds. As the first step, we will give an affirmative answer to this when the manifold is a slight perturbation of hyperbolic space or other strictly stable conformal compact Einstein manifold. We point out that in [6] , a similar notion of renormalized volume was introduced and an interesting monotonicity of it was established under Ricci flow.
In order to state our main results, let us recall some basic definitions. Suppose thatM n is a smooth manifold with the boundary ∂M and the interior M n . A defining function x of the boundary in M n is a smooth function onM n such that x > 0 in M n ; x = 0 on ∂M; dx = 0 on ∂M. A complete noncompact Riemannian metric g on M is said to be conformally compact of regularity C k,µ if x 2 g extends to be a C k,µ Riemannian metric on M. The metric x 2 g induces a metricĝ on the boundary ∂M, and the metric g induces a conformal class of metric [ĝ] on the boundary ∂M when defining functions vary. The conformal manifold (∂M, [ĝ] ) is called the conformal infinity of the conformally compact manifold (M, g).
Letg be an arbitrary conformally compact metric and g be a complete noncompact Riemannian metric on M n . As the same in [5] , we define the renormalized volume of g with respect tog by
where Ω i is an arbitrary exhaustion of M by compact sets. It is easy to see that if g has sufficient decay relative tog, say, e τ ρ (g −g) C 0 (M,g) = O (1) , where τ > n − 1 and ρ is the distance function to some fixed point or set in M with respect tog, then Vg(g) is well-defined. In this paper, we are interested in the case that the ground state metricg is a C 2,α strictly stable conformally compact Einstein metric. Please see Definition 1.2.
However, in order to avoid the complexity of the end structure of conformally compact manifold, we always need the concept of an essential set. Please see Definition 1.1 in [11] for an essential set. In [10] Lemma 2.5.11 and Corollary 2.5.12, Gicquaud proved that if a complete noncompact manifold is C 2 conformally compact then it contains essential sets. Once a conformally compact manifold (M n , g) has an essential set D, the volume vol(B g (p, 1)) has a lower bound Λ= Λ (g, n) for all p ∈ M where B g (p, 1) ⊂ M is a geodesic ball of radius 1 at center p. It follows immediately from the well known result (see Lemma 3.1 in [18] ) that there exists some i = i (Λ, k, n) > 0 such that the injectivity radius of (M, g) satisfies
Let (M n , g) be a C 2,α conformally compact Einstein manifold and L = ∆ L + 2 (n − 1) denote the linearization of the curvature operator Ric + (n − 1) g where ∆ L is the Lichnerowicz Laplacian with respect to the metric g on symmetric 2-tensor u, i.e.,
. It follows from work of Delay ([8] ) and Lee ([12] 
Hence it is an issue about the discrete eigenvalues below the continuous spectrum of L which has a strictly positive bottom.
where the infimum is taken among all nonzero symmetric 2-tensors u such that
It is known that many conformally compact Einstein manifolds are strictly stable, for example, any C 2,α conformally compact Einstein manifold either with nonpositive sectional curvature or with sectional curvature having certain upper bound and nonnegative Yamabe invariant of its conformal infinity ( [12] Theorem A). In particular, the hyperbolic space is a strictly stable conformally compact Einstein manifold. Our first main result is an investigation of the stability of a strictly stable conformally compact Einstein manifold under normalized Ricci-DeTurck flow which will be used as a tool to prove the volume comparison result. First, we introduce normalized Ricci flow (NRF for short in the sequel),
Since NRF equation is degenerate parabolic equation, we consider the normalized Ricci-DeTurck flow (NRDF for short in the sequel) with background metricg:
where
where the components of V are given by V i := g ij V j , then we obtain a family of smooth diffeomorphisms Φ t for t > 0 such that if g(t), t ∈ [0, T ) is a solution to NRDF (2),ḡ(t) := Φ * t g(t), t ∈ [0, T ) is a solution to NRF (1). There are several papers which investigated the stability of hyperbolic space under NRF [14, 20, 2, 3] . In [20] , Schnürer, Schulze and Simon used the NRDF to get the stability of hyperbolic space. To be precise, under the assumptions that g − h C 0 (H n ,h) ≤ ǫ and g − h L 2 (H n ,h) ≤ K, the NRDF starting from g with background metric being hyperbolic metric h exists globally. Moreover, there exists a constant C = C (n, K) > 0 such that
t for all t ∈ [0, ∞), together with some interior estimates and interpolation, which implies that NRDF converges to h exponentially in C k as t → ∞ for all k ∈ N. In [2] , Bahuaud proved that given a smoothly conformally compact asymptotically hyperbolic metric there is a short-time solution to the Ricci flow that remains smoothly conformally compact and asymptotically hyperbolic. After adapting the work of Schnürer, Schulze and Simon, Bahuaud has used some η−admissible Einstein metric to replace the hyperbolic space in [20] and obtained the stability of this η−admissible Einstein metric under NRF.
In this paper we generalize the above work to the stability of certain strictly stable conformally compact Einstein manifold.
) is a C 2,α strictly stable conformally compact Einstein manifold and g is another complete noncompact Riemannian metric on M n . For all n ≥ 3 and K > 0, there exists some ǫ = ǫ (n, K,g) > 0 such that if
then the normalized Ricci-DeTurck flow (2) with background metricg starting from g exists globally and converges exponentially tog.
We will use this result as a tool to investigate the behavior of the renormalized volume. We are able to show:
) is a C 2,α strictly stable conformally compact Einstein manifold and g is another complete noncompact Riemannian metric on M n . For all n ≥ 4 and τ > n − 1, there exists some ǫ = ǫ (n,g) > 0 such that if
and
where ρ = dg(·, D) is the distance function to some essential set D ⊂ M with respect tog, then Vg(g) ≥ 0. Theorem 1.5. Under the assumptions of Theorem 1.4, suppose that Vg(g) = 0. Then there exists a C ∞ diffeomorphism Φ : M −→ M, such that g = Φ * g . Moreover, Φ extends continuously to some diffeomorphism onM and Φ| ∂M = id.
In particular, Theorem 1.6. Suppose that (B n , h) is the Poincaré ball model for hyperbolic space and g is another complete noncompact Riemannian metric on B n . For all n ≥ 4 and τ > n − 1, there exists some ǫ = ǫ (n) > 0 such that if
is the distance function to some essential set D ⊂ B n with respect to h, then
Moreover, Φ extends continuously to some diffeomorphism onB n , and Φ| S n−1 = id.
The above results can be regarded as a version of Schoen's Conjecture in the case of conformally compact manifolds. Indeed, we are able to show that our renormalized volume is non-increasing along the flow (see Proposition 3.4) and will converge to zero as time goes to infinity. In order to get these properties, we need to estimate on the gauge and the scalar curvature (see Lemma 3.2 and Lemma 3.3).
Recently, Bahuaud, Mazzeo and Woolgar have studied in [6] the evolution of another renormalized volume functional for asymptotically Poincaré-Einstein metrics which are evolving by normalized Ricci flow. And monotonicity of that quantity along the normalized Ricci flow was also obtained in their paper. However, we establish a long-time existence and convergence theorem for the normalized Ricci-DeTurck flow for metrics near a strictly stable conformally compact Einstein manifold (see Theorem 1.3), hence we are able to get Theorem1.4, Theorem1.5 and Theorem1.6. This paper is organized as follows. In Sect.2 we will show the long-time existence and convergence of NRDF and prove Theorem 1.3. In Sect.3 we give some basic estimates first and then prove our main results Theorem 1.4 and Theorem 1.5. We will always omit the subscriptg in the renormalized volume functional. We will use · L p , · C k for the global norm, | · | and ·, · for the pointwise norm and inner product, dµ for the volume element, and ρ for the distance function. And all these quantities are with respect tog unless otherwise stated. We denote by ǫ i , i = 1, 2 . . . some positive constants depending only on ǫ, n andg which can be arbitrary small as ǫ goes to zero, and C j , j = 1, 2 . . . , some positive constants depending only on ǫ, n andg which are big and bounded.
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Long-Time Existence and Convergence of NRDF
In this section, we will prove Theorem 1.3. Since g −g C 0 (M n ,g) ≤ ǫ, due to Shi [21] , there exists some T = T (n,g) and a family of metrics g (t) for t ∈ [0, T ) which solves the NRDF (2) starting from g = g 0 . In addition,
, u denote u (t) and g 0 denote the initial data g. Due to the assumption,
In the following we compute some evolution equations under the NRDF.
where * denotes linear combinations with g(t),g and their inverse.
Proof. Since the background metric is Einstein,
By direct computation, we can get the other two evolution equations. Note that when the dimension n = 3,W ≡ 0.
We now rewrite the evolution equations of u (t) = g (t) −g to which the strictly stable assumption can be related.
Lemma 2.2. Let g(t), t ∈ [0, T ) be a solution to the NRDF (2) . Then for all t ∈ [0, T ),
We decompose Θ into three parts
ikql . Choose a coordinate system {x i } such that at one point, we haveg ij = δ ij and g ij = λ i δ ij with |λ i − 1| ≤ 2ǫ. From the assumption,
We have
Next we only need to check the term i (P + Q + S) ii u ii . It is obvious to show that
Hence we finish the proof.
In [20] Theorem 3.1, the authors used the first eigenvalue on hyperbolic domains to get a Lyapunov function and obtain the exponential decay of the L 2 norm of g (t) −g with respect to time and finally the convergence of NRDF. Thanks to the strictly stable condition on the background conformally compact Einstein metricg, which makes us be able to establish the exponential decay of the L 2 norm of g (t) −g with respect to time and finally get a linearized stability ofg. Lemma 2.3. Let g(t), t ∈ [0, T ) be a solution to the NRDF (2). Then there exists some constant κ > 0, depending only on ǫ, n andg such that for all
In addition, κ is very close to λ.
Proof. We construct a function η = e −bs where b > n − 1 is a constant and s is the distance function to certain fixed large essential set Ω ⊂ M n with respect tog. Hence η ∈ [0, 1] and η ≡ 1 on Ω. And we have that
for some c > 0 due to Lemma 2.1 in [11] . By the estimates (4) and (5), ηu L 2 (M,g) and ∇ (ηu) L 2 (M,g) are bounded for all t ∈ (0, T ). Then from the assumption thatg is a strictly stable conformally compact Einstein metric, we have that
It follows from Lemma 2.2 that
By direct computation, we have
where a ∈ (0, 2) will be determined later and we have used the strictly stable assumption and divergence theorem in the above inequality. The boundary integral that appears in the divergence theorem vanishes because η has enough decay at spatial infinity.
where we have used the divergence theorem again and Kato's inequality in the above inequality.
For the last term F, a rough estimate shows that
where σ is a sufficiently small constant which will be determined later. Combine all these estimates together, we get
where −A = −a + 6C 1 ǫ + 2ǫ 5 + 4bσ 2 . For any fixed a ∈ (0, 2), we can always choose ǫ and σ to be sufficiently small such that A > 0. Hence the above equation (7) becomes an ODE
By solving it, we get
for all t ∈ [0, T ). Let Ω exhaust to M, which implies that for all t ∈ [0, T ),
T K.
Also by the equation (7), we have
which implies that for all t ∈ (0, T ),
Furthermore, let Ω exhaust to M, we get that for all t ∈ (0, T ),
Now we take a deep investigation into the term F. Since η ≡ 1 on Ω, we see that
This time we still choose a to be sufficiently small. For this fixed a ∈ (0, 2) , we see that we can pick an ǫ sufficiently small such that
and −a + 6C 1 ǫ + 2ǫ 5 < 0. By the fact that ǫ 5 tends to zero as ǫ goes to zero, κ is indeed very close to λ. It follows that
which implies that
However,
By means of (8) and (9), it immediately follows that the right hand side of (10) goes to zero as Ω exhausts to the whole M. Therefor for all t ∈ [0, T ), we obtain that
Thus we finish to prove this lemma.
Now we move to the long-time existence and convergence of NRDF.
Proof of Theorem 1.3. Now that we have the exponential decay of the L 2 -norm of u, by the same idea as that in Theorem 3.2, Theorem 3.3 and Theorem 3.4 in [20] , we will get exponential decay in the C 0 -norm of u and finally the long-time existence and convergence. But here we have to check that the injective radius is bounded along NRDF in order that the interior estimates and gradient estimates make sense. WLOG, assume that T > 1. As to the injective radius, we only need to check that it has a uniformly lower bound for all t ∈ [1, T ). In fact, the estimates u C 0 (M n ,g) ≤ 2ǫ, together with the fact thatg is C 2,α comformally compact, implies that there exists some v = v (g, ǫ, n) > 0 such that vol(B g(t) (p, 1)) ≥ v for all p ∈ M. On the other hand, it follows from the estimates (4), (5) and (6) that the sectional curvature of g (t) has an upper bound for t ∈ [1, T ). Hence the injective radius is bounded uniformly along NRDF for all t ∈ [1, T ). This uniform bound depends only on ǫ, n andg. Then |∇ k u (t) |, k ∈ N, decay exponentially by the same arguments in Theorem 3.3 and Theorem 3.4 in [20] , therefore the injective radius is bounded along NRDF until time goes to infinity.
Proof of the Volume Comparison
As an application of the long-time existence and convergence of the NRDF, we prove Theorem 1.4 and Theorem 1.5. Now Letg and g be as stated in Theorem 1.4 that (M n ,g) is a C 2,α strictly stable conformally compact Einstein manifold and g is another complete noncompact Riemannian metric on M n . For all n ≥ 4 and τ > n − 1, assume that
and R (g) ≥ −n (n − 1) . In order to control the decay rate both in time and at spatial infinity uniformly, we choose δ ∈ (0, τ ] and γ satisfying
We remark that γ makes sense only if n ≥ 4. Obviously,
It follows from Theorem 1.3 that NRDF g (t) starting from g exists globally and converges exponentially tog. And there exists someǫ > 0 which depends only on ǫ, n andg such that
However, as to the estimates on the derivatives, it is different for the time interval t ∈ [0, 1] and t ∈ [1, ∞). For all t ∈ [0, 1], the estimates on the derivatives were improved in [22] Lemma 2.1, that is, there exist some constants ǫ 9 and ǫ 10 which only depend on ǫ, n andg such that (12) ∇ g(t) C 0 (M n ,g) ≤ ǫ 9 , and (13)
For all t ∈ [1, ∞), it follows immediately from the long-time existence and convergence of the NRDF that there exist some constants σ i = σ i (n, ǫ,g) > 0 and C i+2 > 0 such that
As a consequence of Lemma 2.1, we show the following:
Lemma 3.1. Let g(t), t ∈ [0, ∞) be a solution to the NRDF (2). Then there exist constantsǫ,ǭ > 0, depending only on ǫ, n andg such that
Lemma 2.1 and the estimates (11), (12) and (13) that
In order to get the spatial decay of the metric, we modify the essential set to be sufficiently large, together with thatg is C 2,α conformally compact, by Lemma 2.1 in [11] , we have that
for some a > 0. In the light of the estimates
, and
where b > 0 is arbitrary, we can choose appropriate b and get that there exists a constant C 7 > 0, depending only on ǫ, µ, n andg, such that
Let µ = 2δ, by maximum principle due to Karp and Li (See Theorem 7.39 in [7] ), we get for t ∈ [0, 1],
Hence
In particular, at t = 1, (11) and (14), we can choose a and b such that
Let |c| (1 +ǫ) m 2 = 2 − ǫ 14 , then we have
For the purpose of getting the decay at spatial infinity, we choose a sufficiently large essential set. Then outside the essential set, we see that |W | ≤ l and the constant l > 0 can be arbitrarily small. Asǫ and σ 4 also can be sufficiently small, we choose c = −ν and ν = 2γ, then C 8 ≤ 0. Since we have estimates (15) at t = 1,
it follows from the evolution equation (16) and maximum principle that Lemma 3.2. Under the NRDF, for all t ∈ [0, ∞), there exists some constant ǫ ′ > 0 depending only on ǫ, n andg, such that the 1-form V satisfies
whereσ > 0 is an arbitrarily small constant.
Proof. Let E = Ric + (n − 1) g, we consider the evolution equation of V under NRDF,
In light of
we have
According to the evolution equation of u in Lemma 2.1, we have
It follows from Lemma 3.1 that for all t ∈ [1, ∞),
On the other hand, for all t ∈ [1, ∞),
where ∆ is with respect to g. At t = 1, by the above formula of Γ
Let 2γ = δ and v = e δρ |V |, we can see that v satisfies
where B = δ∆ρ + n − 1 − ǫ 15 − δ 2 |∇ρ| 2 is a positive constant provided that δ belongs to certain range as discussed before. Choose B = 2σ 4 and consider ODE (17) 
Since u is a subsolution to the equation (17) with v(·, 1) ≤ u(1), due to Theorem 4.2 in [18] , we have v (·, t) ≤ u (t) for all t ∈ [1, ∞). Hence
for all t ∈ [1, ∞), whereσ = min{2σ 4 , B} and ǫ 17 depends only on ǫ, n and g. Together with Lemma 3.1, we conclude that for all t ∈ [0, ∞),
For any x ∈ M and s ∈ (0, t), let γ(s) = Φ s (x) be an integral curve of V , together with Lemma 3.2, we see that
where dg(·, ·) denotes the distance function in M with respect to metricg. Hence, we get
where we used (21), (14) and (22) for t ∈ [1, ∞) in the above inequality. Now, we can show that Proposition 3.4. Let g (t) , t ∈ [0, ∞) be a solution to the NRDF (2). Then we have
where dµ g is volume element with respect to metric g(s). Moreover, V (g (t)) is non-increasing in t and
Proof. Let Ω be any compact domain in M with smooth boundary, then by a direct computation, under NRDF (2), we have
where ν is the outward unit normal vector of ∂Ω, hence, we obtain Hence for any small η > 0 there is a large T 0 which depends only on η so that for any t ≥ T 0 |V(g(t))| ≤ η, which implies that lim t→∞ V(g(t)) = 0.
Thus we finish to prove the proposition. Now, we can prove our main results.
Proof of Theorem 1.4. Consider NRDF (2) and NRF (1) starting from g = g 0 , and let g (t) andḡ (t) be the solution to (2) and (1) respectively. By Proposition 3.4, we obtain V(g) = V(g 0 ) ≥ V(g(t)) ≥ 0, that is, V(g) ≥ 0.
Proof of Theorem 1.5. If equality holds, we have V(g) = V(g(t)) = 0, for t ∈ [0, ∞), which implies M n (R(g(t)) + n(n − 1))dµ g = 0,
together with the fact that R(g(t)) ≥ −n(n − 1), we get that on M and for all t ∈ [0, ∞) R (g(t)) = −n(n − 1), which means R (ḡ(t)) = −n(n − 1).
By the evolution equation of R under NRF (1), we see that
Ric (ḡ(t)) = −(n − 1)ḡ(t) for all t ∈ [0, ∞). Thus the initial metric g is an Einstein metric, which means that the NRDF (2) which implies that there exists some smooth diffeomorphism Φ ∞ of M n satisfying Φ t → Φ ∞ in C ∞ (M n , M n ) as t → ∞ and Φ ∞ extends continuously to some diffeomorphism onM and Φ ∞ | ∂M = id. Therefore g = Φ * ∞g and thus we finish to prove Theorem 1.5. 
